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PREFACE

The book is devoted to problems in which the interaction bet-
ween an elastic solid and an incompressible fluid plays an essen-
tial role, both media being considered at rest.

The formulation of the static problems of hydroelasticity is ba-
sed on hydrostatics and the static theory of elasticity, the strength
of materials, and plate and shell theory. The greatest interest is
the interaction of a fluid with thin-walled structures such as a rod,
membrane, plate, or shell. In the listed order, the equilibrium and
deformation of various elastic thin-walled elements under the ac-
tion of fluid forces is considered in this book. :

In the introduction, the statement of static problems of interac-
tion is given, and some information from hydrostatics necessary
for later use is presented. Several examples are noted in which the
effect of two-media interaction leads to qualitatively new results.

The first chapter includes characteristic problems concerning a
vertically placed thin rod and a thin-walled tube. The axial and
lateral forces resulting from the action of their own weight and a
hydrostatic force are determined. The stability of the elastic ele-
ment is considered.

The second chapter is devoted to the consideration of elastic
membrane behaviour. The membrane may be the bottom of a ca-
vity or it may cover a container with fluid. The cases of a circular
cavity and a cavity extended in one direction are considered.

In the third chapter, bending and stability of a plate contacting
a fluid are considered under the action of different forces. In all
these three chapters, problems are mainly stated and solved in a
linear approximation.
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Nonlinear problems of bending of a plate and buckling of shal-
low cylindrical panels under the hydrostatic pressure are studied
in the fourth chapter. To simplify the analysis, the models of pla-
ne deformation for a plate or panel and consistent fluid behavi-
our are taken.

The fifth and sixth chapters are devoted to the consideration of
equilibrium of a membrane shell and a film in the presence of flu-
id forces. Out of the wide range of possible problems, results con-
cerning two problems are presented here. They deal with the soft
containers for storing and transportation of fluids and displacing
equipment. These problems are essentially nonlinear.

The references are given separately for each chapter. The list of
literature is not complete, but is representative.

The statement and solution of some of the problems presented
here have been known previously. Other problems are described
for the first time. Their choice has been made according to the
author's scientific interests and his knowledge of the extensive li-
terature. Preference has been given to problems with simple and
clear solutions. That is why some problems are mainly of a model
character. They may be used for the simplest presentation of the
principal features of hydroelastic systems, namely, the dependen-
ce of hydrodynamic forces, acting on deformable body, on the
body deformations themselves. Because of this choice, the main
direction of the book is related to the analytical solutions of
boundary value problems. Results of numerical simulation are
rarely used.

Different chapters and paragraphs are written in different
styles. Those problems which have relatively simple mathematical
representation, are discussed quite comprehensively. As for prob-
lems complicated to calculate, their formulation and results of
practical importance are mainly given. In doing so, attention is
drawn to the dependences of system behaviour, of forces arising
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in the system, on the mass properties of media, dimensions and
other input parameters. Essential problem features are pointed
out. If necessary, the details of solution may be found in the
original references.

The book is intended for the specialists dealing with the prob-
lems on strength of construction elements, and the reliable func-
tioning of separate assemblies of machinery and devices. It may
also be used by students for the comprehensive study of certain
questions in courses on strength of materials, hydrostatics, plate
and shell theory.

The author is obliged to doctor A.A.Aganin for his help in
translation and L.B.Gaseeva for her assistance in preparing the
manuscript. Prof. M.S.Ganeeva and Prof. V.I.Usyukin have int-
roduced many suggestions for improving the arragement of the
material. The author gratefully acknowledges Prof. Earl H.
Dowell, Dean of the School of Engineering at Duke University,
for his close support while editing and issuing the book. Without
his generous participation the publication of the book would not
have been possible.

The research described in this publication was made possible in
part. by Grant NoRHA4000 from the International Science Foun-
dation and by Grant N093-013-17940 from the Russian Foun-
dation of Basic Research.
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INTRODUCTION

The problems of aerohydroelasticity may be divided into dyna-
mics and statics. In the first, both interacting media are subjected
to changes in time. The transition process (for example, response
of structure in fluid to incident shock wave), the steady motion
(oscillations with constant amplitude and period etc.) are conside-
red. Such a well known aeroelastic phenomenon as flutter of a lif-
ting thin surface (wing, blade) in fluid flow belongs to the first class
while divergence of the same system falls to the second one. In the
simplest static problems, it is assumed that both media are at rest.

Overwhelming majority of original investigations, reviews and
monographs are devoted to dynamic problems, which can be exp-
lained by their great practical significance and complexity in-ana-
lysis of the physical processes under consideration. Since the appe-
arance of the first substantial publications e.g. [1,2], which have
already become classical, several dozens of monographs and revi-
ews have been published on various problems. They also touch
upon static problems with steady fluid flow. A brief review and
quite complete list of monographs are given in the books [3—5].

With respect to the classical problems for both interacting me-
dia at rest, there are no previous texts on the subject. To some
extent this work fills the gap. But it does not pretend to cover the
subject completely.

It should be noted that the absence of such books does not
indicate that the static problems of hydroelasticity are of little
importance. First, analysis of equilibrium of hydroelastic system
is a component part of total structure analysis. Secondly, statics
calculations are of great independent significance. Long before
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the appearance of constructions in which hydroelastic effects were
essential (air and water transport, various reactors and tubing
systems, sensors in instruments etc.), there had been objects in
which static interaction of a structure with a fluid medium was
the most substantial factor. The origin and application of some of
these has been lost with time. Perhaps the first objects were the
closed shells made out of skin and hollow organs of animals.
They were used for storing fluids (wineskin) and flotation (bal-
loons, pneumatic rafts). The subsequent development of weaving
introduced air balloons, pneumatic boats, etc.

More recently it became possible to use new hydroelastic devi-
ces due to the appearance of modern synthetic tissues and films
possessing large strength. These include a pneumatic cylindrical
shell (airbeam), pneumatic structures, air supporting building con-
structions (domes of sport and storage buildings with large bays),
ship's containers for transportation of fluid cargo, displacing
equipment in aerospace engineering and many other objects.

Another reason has been the development of new energy tech-
nologies. For example, sea-oil extraction is related to building
and exploitation of various platforms, as well as vertical boring
and extracting tubes. Many hundred meters long, these tubes even
in a stretched state may be subjected to undesirable longitudinal
bending. For their proper strength and reliability analysis the flu-
id inside the tube and the water surrounding it should necessarxly
be taken into account.

The general statement of the fluid-structure interaction prob-
lem includes a choice of model of motion or equilibrium of the
deformable solid and liquid (gas) and formulation of conditions
on their contact surface.

To describe the behaviour of a deformable body, we shall use
the equations of the bending theory of rods, membranes, plates
and shells based on the hypotheses valid for the case of a small
thickness as compared to the length and radius. The choice of the



INTRODUCTION 3

corresponding equations and conditions of fastening will be de-
termined by the physical statement of a problem.

Fluid is considered to be inviscid. Standard assumptions of hyd-
rostatics are taken. Their brief represen-
tation is given below.

Slow fluid deformation without change
in volume may be caused by action of some .
small force. In a gravitational field, the flu-

id takes the shape of the vessel. Its free sur-
face is perpendicular to the direction of the
grav1tat1(.)na.1 fc.>rce. In commur%lcatmg. ves- Fig. 0.1, Hydrostatic
sels the liquid if homogeneous in density is pressure is indepen-
set to the same level. * dent of vessel shape

Pressure in a liquid does not depend on
the orientation of the area under consideration and acts equally
in all directions (Pascal's law).

In a gravitational field, pressure in the fluid increases with the
«depth of submergence due to the liquid weight itself. If the fluid is
incompressible, the total pressure p (hydrostatic pressure) con-

sists of pressure p on the fluid surface and weight of fluid co-
lumn (of height H, Fig. 0.1) with density p, and free fall acce-
leration g

p=po+pgH. (©.1)
Pressure force pgHS acting on the bottom of a volume with

the area S does not generally coincide with the weight of fluid
contained in the volume. If the height / is the same for the volu-
mes of different shape but with the equal bottom area S (Fig. 0.2),
then, in spite of the difference in weight, the pressure force on the
bottom is the same for any volume and is equal to the weight of
the liquid in cylindrical vessel. This "hydrostatic paradox" is due
to the fact that the fluid pressure force on inclined walls has a
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vertical component with the upward and downward direction
depending on the orientation of wall element.

In the general case, equal pressure p over all the volume
results from the fact that the volume is subjected to the action of
external forces. For the example in Fig.0.3, we have po=P/S.
But the pressure can not aiways be determined so easily. In the

< M

Fig. 0.2. i'Hydrostatic paradox" — pressure force on the bottom of a vessel is
independent of the shape of the vessel

case of loading of a flexible plate with freely slipping edges
(without separation) along the vessel wall (Fig.0.4a) it is again

equal to the same value P/S, whereas for the case of the edges

clamped in the wall (Fig.0.4)) it may be found only by solving
the corresponding problem of plate bending.

In fact, the first example does not belong to hydroelastlclty,
because the problems of hydrostatics and elasticity are decoupled

here (when the value of pgH is small as compared with pg).

This may be valid for the small size of a vessel along the vertical
and in some other cases. Parameters of plate bending are

determined from the known values P and p,. The second
example leads to a coupled hydroelastic problem. Only the
uniform distribution of pressure p can be known beforehand. It

should be noted that the necessity of takirig into account of pg

always arises in the case of closed cavities totally filled with fluid.
In a fluid, a body with the volume V is subjected to a buo-
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yancy force P, directed upwards and equal to the weight of fluid
displaced by the body (Archimede's law).

P=pgV. 0.2

It is independent of the body submergence depth. Mass. center of
. a uniform body (the center of displacement) is taken as the load

" MLP—/—

a)

b)/'\r,c

b) p e

== S

Fig. 0.3. Rigid piston freely slipping  Fig. 0.4. Flexible plate with freely
along the vessel walls slipping (@) and fixed (b) edges -

point. When the body is not uniform the point does not coincide
with the mass center of its submerged part. If for the total
submergence of the body the buoyancy force is greater than its
weight, the body only partly submerges into the fluid. Clearly, in
equilibrium, the point of buoyancy force application and body
mass center are located on the same vertical line.

Let the deformable body A be bounded by a contour I”
(Fig. 0.5). According to the assumption of an incompressible
fluid, the normal displacement @ of /= and liquid surface
deflection A after deformation will be related by

[odr = [nary. - (0.3)
I ! :
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Here the kinematic condition for the equality of the normal de-
flections of elastic body and liquid has already been taken into
account. Static condition for pressure equality on-contact surface
should also be satisfied.

If even only one dimension of the volume occupied by fluid is
of order lcm, it is equally important to take into account gravity

and surface tension forces. In the case of
v. N _E | large dimensions, the gravitational effects
i U ~ | dominate while capillary ones become
predominant when the dimensions are
small. The same estimations are valid for
Fig. 0.5. Elastic body A the dimensions of.a rigid body contacting
partly submerged into ~ f]yid. _

invempressible uid In this book, no con51derat10n is given
to the problems in which surface tension

forces have to be taken into account. _

In what follows we shall also use the notion of specific weight
y=pg . In the general case we also introduce into consideration

the overload factor # and the gravitational field vector g . Then

¥ =npg . What was mentioned above together with relations

(0.1)—(0.3) cover almost all the knowledge from hydroelasticity
which will be necessary for further consideration. The particular
related questions will be discussed below in connection with the
formulation of concrete problems. '

At first sight it may seem that the hydroelastlc forces acting on
an elastic element will not produce any effects leading to
qualitatively differing results as compared with the case of pres-
cribed "dead" load. But this is not always the case.

A metallic circular plate cannot float on the water surface. It
goes down. But at certain values of the plate radius and load in its
center it will be floating. Clearly, this phenomenon may be des-
cribed only on the basis of hvdroelasticitv.
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The value of the internal pressure in incompressible liquid
seems to be unexpected in the problem shown above in Fig. 0.4b.
Under some conditions one has py =3 P/S in the case of circular
plate, i.e. the pressure is three times as much as in the problem of
Fig. 0.4a. Hence, the plate is also subjected to the trebled pressure
from below.

A vertical plate separating an incompressible fluid in a closed
vessel and subjected to compression in the direction of the shorter
part, loses stability of the plane shape forming two half waves.
Under the usual conditions, only a one half wave is known to
arise. Certainly, corresponding critical values of compressive
loads will also be different.

The list of such examples may be continued. In more detail, we
consider the following simple example. Let the bottom of a long
vessel with the width 2L and height // be a membrane (Fig. 0.64).

‘The latter, being fastened to the walls (x =+L), is in tension with
the initial strength 7y. The vessel is filled up to its edges with
fluid with the specific weight y . The equation which describes the
deflection @ of a membrane from its plane position is known to
have the form Tj a’2w/ dx® + p« =0, where p, is the fluid

pressure. The downward direction of w is taken to be positive.
Let H be approximately the height of the fluid column. Then

the pressure will be known beforehand: p, = yH . The membrane
weight is assumed neglected as compared with the yH .
Then the equation

dzw/dx2 =—a’H (a2 = 7/TO) (0.4

has a solution

w=A+Bx—a2Hx2/2.
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Satisfying the boundary conditions w =0 (x = iL) ,'we find
272 2
_@:Q(l_x_), ©.5)
A 2 12

If we take into account the exact value of fluid column A + w(x)
then p, = y(H +w) and, instead of (0.4) and (0.5), we shall have

d*w/dx® + o*w=—-a?H, (0.6)
@ _cosax | ©7)
A . cosal

For small values of al as compared with unity, (0.5) may be
derived from (0.7) by expanding the functions cosax and
cosalL into power series. Thus, for small values of @l , both so-
lutions give the same result. Relative deflection of membrane is

a) v b)
H w/H T

1

R ——
2L 0 2 oL

Fig. 0.6. @) Membrane under action of liquid weight. 5) Relative memb-
rane deflection versus the parameter al = Ly /T,

directly proportional to the specific weight of fluid and the square
of membrane width and is inversely proportional to its tension

(a2L2 = yLQ/TO).

With increasing aL, the solution (0.5) remains formally valid
whereas, according to (0.7), the solution increases indefinitely
when al — 7z/2 (the curves | and 2 in Fig.0.6b correspond to

the solution (0.5) and (0.7), respectively). For al > z/2 the def-

lection w becomes negative, but this does not correlate with the
real physical phenomenon. For its proper description the model
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of membrane deformation should be changed. This question is
considered later in the relevant section of the book.

For H =0 and for finite values of aL, expressions (0.4), (0.5)
give @ = 0. In this solution there is a membrane deflection from
the plane form and there is no liquid over the membrane. But
0.6), (0.7) together with the boundary conditions w= 0

(x :iL) become an eigenvalue problem. Nonzero solution for
w (when H =0) exists for cos aL =0, that is when aL = nr/2

(n=13,...). So, when aL=7/2 (or }/Lz/TO =7r2/4) the equi-
librium state of fluid meniscus over membrane is possible together
with membrane deflection for H =0.

Thus, this example also demonstrates the possibility of qualita-
tive differences of solutions for one and the same problem formu-
lated with or without taking into account the interaction of the
media.

The property of compressibility of fluids has an appreciable
effect on the process of their interaction with elastic elements,
especially when the medium is compressed in closed cavity. Let

there be initially in the volume V; a weightless fluid with the

mass My, density pg =My /Vo and pressure py. After boun-
dary deformations and mass inflow (outflow) these parameters
become equal to V, M, p=M/V and p, respectively. Then

p/po =(p/Po)" - (0.8)

If the process of interaction goes on isothermally (at constant
temperature due to the heat removal), x=1. In the adiabatic
process (without the heat removal) x =14 for gases and K=T1
for liquids. Some other relations between these parameters are
also used for liquids.



CHAPTER I

EQUILIBRIUM OF A THIN ROD
AND TUBE IN A LIQUID

§1. Equilibrium of a vertical rod in a liquid

A thin elastic rod with ball tip is at rest in a liquid in a vertical
position. On the fluid surface there is a rigid plate with a hole in
which the upper end of the rod is clamped (Fig. 1.1a). We shall
examine the axial forces in the rod when it is in an exactly vertical
position, as a function of the size of the rod and ball as well as of

specific weight of the rod y, ball ¥ and liquid y .

a) N © b)

4 . N |x
_V _7y7zr3 l 1L
i Yo p |x 11

-

i 7 a b
Y - Eg

@ R

Fig. 1.1. The rod with ball tip lowered into the fluid; y o, ¥, ¥ are the spe-
cific weights of material of the rod, ball and liquid, respectively

We assume that the ball radius R is small in comparison with

the rod length L, the cross-section radius of which is 7. The ball is
supposed to be rigid.
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Weight of the ball and the rod element (L ~x) is equal to
(4/3)72R° y| + mr*(L — x)y o According to (0.2) the buoyancy
force of the fluid on the ball, not attached to the rod over the area
ab (Fig. 1.1,D), is equal to (4/3)7[]337/ . In order to exclude in the
system the effect of pressure on the area ab it is necessary to apply
the same pressure, but with the opposite sign, on the rod section
a'b’. Then the buoyancy force on the rod (without the ball) will
be r? Ly, Conséquently\ from the equilibrium condition the
axial force N in the rod, with the x-coordinate calculated from
the clamped end, is
| N:zrz[yL—yo(L—x)]+%nR3(y—yl). (1.1)

Positive values of N correspond here to the compression. The
reaction force is found from (1.1) by setting x =0.
~ Consider some consequences from (1.1) as a function of
specific weight and size of the rod and tip.

1. The inequality N(x =L) <0 or
3 3
1+ 48] <y AR (12
3reL
gives the condition under which the rod is stretched everywhere,
maximum tension being near the support (x = O). When

R3/r?L >>1 this condition reduces to the ine uality ¥ < 7.
‘ qu e

. 2. If the parameters of the problem fulfill the condition N
:,(x = O) >0 or

3 3
}’(1‘*‘ ;rR;L) =¥ Tt ;ng’ (]3)

the rod is compressed everywhere. The section near the tip
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(x= L) is subjected to the maximum compression. When

Yo = 7|, condition (1.3) is reduce to an obvious inequality

¥o > 71. Thesame is true if RS/rSL <<1, and y{ is not much
greater than y .

3. The case of stretched upper and compressed lower parts of
the rod arises when the total weight of the rod with the tip is gre-
ater than the weight of displaced fluid and the weight of the ball
is less than the weight of fluid displaced by the ball. This is the
caseif ¥y <y, ¥o >y . The boundary X, between these zones is

determined by taking the force in (1.1) to be equal to zero. Then

3
gy =leby L =LL+£(};—}/1) (O<L.<L). (1.4
Yo SF Yo

The stressed state is also strongly dependent on the geometric
parameters L, 7, K.

Whern the rod is compressed along all its length (the case 2)
some force is necessary to apply to its upper end (if the rod can be
moved in the hole without friction) in order to confine it in fluid.
Under conditions 2 and 3 the rod is in equilibrium and does not
move downward only if its upper end is held. For the latter
condition the upper part of the rod is in tension while the lower
one is compressed.

The analysis given above may be simplified if there is no ball
tip (or if R <r). According to the assumption of r to be small as
compared with L, (1.1) reduces to the expression

2
N =ar*[yL - yo(L — %)].
This means that only second and third states are possible.
Either there is compression along all the length (¥ > yq) or we
have partial compression and tension (¥ < 7). In both cases the
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compression force has its maximum at the lower end and the
tension force at the support.

Now consider the values of L, for the typical densities. For an
aluminum rod with radius 7 =15-10"°m (yro=8pg =
= 2.7g kg/(n?s?)), plastic tip with radius R=10"2m (y) =
= gp) =05g kg/(m?s?) and water (¥ = gp =1gkg/(m?s?)), it
follows from (1.4) that L, = (0.37L +011)m. The lower part of
the rod with the length L, is compressed while the upper one with
the length xy = (0.63L — 011)m is stretched.

- If mercury with specific weight ¥ =13.55g kg/(m?s?) is chosen
instead of water the value of L, becomes equal to (5L +2.86) m.

Consequently, independently of the length L, there is only com-
pression force in the rod. This also results from the condition
¥ >y mentioned above. Note that the size of the compression
and tension zones are not affected by acceleration g. Different
overloads lead to corresponding changes in forces in a rod.

In the case of a hollow ball and rod (tube) the influence of
fluid density increases in comparison with the examples conside-
red above. Assume that there is no liquid inside (Fig. 1.2a).

If the wall thickness A is small as compared with radii R and r
(R=Roth, r=ry+h, h<<R, h<<r), then instead of (1.1)
we have

N =Ly - n(rQ = rOQ)(L — X)yo +
+ %ﬂR ¥ — %ﬂ(Rs - Rg’)yl =

= mr[rLy — 2h(L — x)y o] + %ﬂRQ(R}f —3hyy). (L9
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a)

77777777

Fig. 1.2. a) The hollow rod and spherical ball in fluid. ) The column
under own weight

All the discussion above can be fully transferred, with some
small changes, to the system directed upwards (Fig. 1.24). It may
be a bearing column, support of a sea construction, a rubber ball
filled with a light gas and held by a thread, etc.

If we assume that there is no frlctlon bet-
ween the rod and the orifice of the plate, and
that the length L is greater than the submer-
gence depth H (Fig. 1.3), then the expression
for the force will have, instead of (1 1), the
following form

N:ﬂrDH—yMH—xﬂ+%M?@—yQ.

1

Fig.1.3. A rod freely | (1.6)
slipping in the orifi-
PCI; 0% the plate The force N is on]y compressive. The value

H is determined from the condition of
equilibrium of the whole system

4R (y —

H=LZQ———L%—ﬂl (H<L). .7
¥ 3rty '

For R<r and r << L it follows from (1.7) that H/L=yq/y .

The submerged depth of the rod is to its length as the specific
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weight of the rod to that of the fluid.
Substituting (1.7) into (1.6), we have

N= nrQ[yoL(l—y—Mﬁ) -
| y L

4R3(7~71)( | 70) 4,3
—— "2 |-+ ZR*(y — 1) 1.8
3 J*3 (r —71) (1.8)
When R <7 we obtain '

N=m2y0L(1—-72+£).
y L

Maximum compression is at x = H . Sincenow H =Ly [y, itis

equal to N = m“z;foL. At the upper end of the rod x=H~L
and N =0.

It is known that when the rod is stretched along its full length,
the corresponding strains and displacements can be easily found.
The case becomes more complicated if the rod is compressed. For
certain system parameters, other equilibrium states are possible,
namely the elastic line can deflect from a strictly vertical position.’
It causes the appearance of bending moments. This question will
‘be considered in the following paragraphs.

§2. Stability of the vertical position of a rod in a liquid

To determine the conditions under which equilibrium states of
a compressed rod with deflection from the vertical line are
possible, we make some simplifying assumptions.

Suppose that the rod radius r is small as compared with the
ball radius R, which, in turn, is assumed to be small in -
comparison with the rod length L (L >> R >>r). Because of this
we consider L to be a distance from the ball center to the plate






